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Abstract 

We prove analytically a connection between the generalized Molchan-Golosov integral 
transform (see [4], Theorem 5.1) and the generalized Mandelbrot- Van Ness integral trans- 
form (see [5], Theorem 1.1) of fractional Brownian motion (fBm). The former changes 
fBm of arbitrary Hurst index K into fBm of index H by integrating over [0, t], whereas 
the latter requires integration over (— oo,i] for t > 0. This completes an argument in [3], 
where the connection is mentioned without full proof. 
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1 Introduction 

The fractional Brownian motion with Hurst index H € (0, 1), or H-fBm, is the continuous, 
centered Gaussian process (-B^) tgR with Bq = 0, a.s., and 

Cov* (5f,Bf) = \{\s\ 2H + \t\ 2H - \t-s\ 2H ), 3,t€R. 

H-fBm is ff-self-similar and has stationary increments. For H = h, fractional Brownian 
motion is standard Brownian motion and denoted by W. FBm is interesting from a theoretical 
point of view, since it is fairly simple, but neither a Markov process, nor a semimartingale. 
Recently, the process has been studied extensively in connection to various applications, for 
example in finance and telecommunications. Important tools when working with fBm are its 
integral representations: for a fixed Hurst index K € (0, 1), on the one hand, there exists a 
A'-fBm (i3^) igK , such that for all t G [0, oo), we have that 

B? = C(K, H) J (t- s) H - K F (l-K-H,H-K,l+H-K, dB* , a.s., (1.1) 

(sec [4j, Theorem 5.1). Here C(K,H) := ^gg^ff , C(H) := ( ^^I^ 1 "^ ) \ T 

denotes the gamma function, and F is Gauss' hypergeometric function. B K is unique (up 
to modification) on [0, oo). On the other hand, there exists a unique (up to modification) 
if-ffim (B?) t£R , such that for all t G R, it holds that 

Bf = C(K,H) ! ((t-s) H - K l^ >t) (s)-(-sf- K l { ^ >0) (s))dB?, a.s. (1.2) 
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(see [5], Theorem 1.1). For K = |, (II. ip corresponds to the Molchan-Golosov representation 
and (jl.2p is the Mandelbrot- Van Ness representation of ii-fBm (see [6] and [5], respectively). 
The integrals in (II. ip and (II. 2p are fractional Wiener integrals. A priori, representations (II. 1|) 
and (jl.2p are very different. Indeed, the integrand in (jl.ip is a weighted fractional integral 
over [0, i], whereas the integrand in (|1.2fl is a simple fractional integral over BL Moreover, 
the filtrations generated by {B^ ) t6 r 0oo ) an d (-^t ) tg r oo) coincide, but this is not the case 
for the natural filtrations of (S/^) tgK and (B^ teR . 

In this work, we demonstrate how analytical facts of fractional integrals, combined with 
shifting properties of fBm, are used in order to establish a natural connection between the 
(generalized) Molchan-Golosov integral transform (jl.ip and the (generalized) Mandelbrot- 
Van Ness integral transform (|1.2p . More precisely, we show that the latter one emerges as a 
boundary case of a suitable time-shifted former one: Based on (jl.ip . we construct a sequence 
of H-fBms which, for fixed i, converges in L 2 (P)-sense to (ll.2p . We will specify the rate of 
convergence. In particular, the generalized Mandelbrot- Van Ness representation is a conse- 
quence of the generalized Molchan-Golosov representation. 

The article is organized as follows. In Section 2, we first review the definition and some 
relevant facts of Gauss' hypergeometric function. Second, we define fractional integrals and 
derivatives over K and show the connection to fBm. Third, we recall the definition of the 
fractional Wiener integral over the real line. In Section 3, we derive the connection between 
the integral representations. 



2 Preliminaries 

2.1 Gauss' hypergeometric function 

The Gauss hypergeometric function of parameters a, b, c and variable z € K is defined by the 
formal power series 



F(a,b,c,z) := 2 Fi{a,b,c,z) := } y 



(a)k(b) k z h 



fc=o v ; 

where (a)o := 1 and (a)k := a ■ (a + 1) ■ . . . ■ (a + k — 1), k G N. We assume that c € A := 
M \ {. . . , —2, —1, 0} for this to make sense. If \z\ < 1 or \z\ = 1 and c — b — a > 0, then the 
series converges absolutely. If furthermore c > b > for z£ [-1,1) and b > for z = 1, then 
it can be represented by the Euler integral 

F(a,b,c,z) = - I' 1 v b -\l-vy- b -\l-zv)- a dv (2.1) 



r(6)r(c-6) J 

(see [3], p. 59). If c > b > then the expression on the right-hand side of (|2.ip is well-defined 
for all z S (— oo,l). For these parameters, we can hence extend the definition of F to all 
z G (— oo, 1) via (12. ip . In order to extend F for fixed z £ (— oo, 1] to more general parameters, 
we consider Gauss' relations for neighbor functions. Functions of type F(a ± m,b,c,z), 
F(a, b ±m,c, z) and F(a, b, c ± m, z), m G N, are called contiguous to F(a, b,c, z). If m = 1 
then they are also called neighbors. For any two neighbors Fi(z), F 2 (z) of F(a,b,c, z), one 
has a linear relation of type 

A(z)F(a,b,c,z) + AxtyFxiz) + A 2 (z)F 2 (z) = 0, (2.2) 

where A, and A 2 are first degree polynomials with coefficients depending on a, b and c. 
See PQ, p. 558 for all 15 relations. We use the neighbor relations in order to extend F for 



2 



z £ (—00, 1) to all parameters such that c £ A, and for z = 1 to all parameters that satisfy 
c,c — b — a £ A. Among the most important properties of F are the symmetry 



F(a,b,c,z) = F(b,a,c,z) 

and the reduction formula 

F(0,b,c,z) = F(a,b,c,0) = 1. 
Also we have the linear transformation formula (see [I], p. 559) 

F(a,b,c,z) = (1 - z)~ a F (a,c- b,c, > 2 < L ( 2 - 3 ) 

In particular, 

F(a,b,b,z) = {l-z)~ a , z < 1. (2.4) 
i 7 is smooth in 2 and we have (see [I], p. 557) 

-^F(a,b,c,z) = —F(a+l,b + l,c+l,z) (2.5) 
az c 



and 



— (z a F(a,b,c,±z)) = oz a-1 F(o + l,6,c,±z). (2.6) 
F is left-continuous in z = 1 and it holds that (see [3], p. 9) 

r(c — b)T(c — a) 

Let a,b > —1 and w < x < y. Substituting u := (y — x)v + x in (|2.ip and using (12. 3p implies 
that 



JJ(y — u) b (u — w) c (u — x) a du 

r(a + i)r(6 + i) 



(y - x) i+a+b (x - w) c F -c, a + 1, a + 2 + 6, 



T(a + 2 + 6) va ' v V io -x 

= ^rj^^ fa " -) 1+a+6 (y " f-c, 6 + 1, a + 2 + b, V^L Y (2.8) 
T(a + 2 + 6) V y-w J 

I£ x < y < W, then we have that 
JJ(y — u) b (w — u) c (u — x) a du 

= T( ttfJi + '\ v - - (-*. + 1, . + 2 + 6, X=±) (2.9) 

T(a + 2 + 6) \ w — x J 

= E T7 t #^ a fa " " ^ f » + 1. • + 2 + i,, »Z£) . (2.10) 

T[a + 2 + 0) \ y-w J 

By linearly combining neighbor relations, we obtain relations of type (|2.2p . where F\{z) and 
F2(z) are contiguous to F(a,b,c, z) and A, Ax and A2 are polynomials of higher degree. An 
example for a contiguity relation is 

-cF(a,b-l,c,z) + (c-b + zb-za)F(a,b,c+l,z) + b(l-z)F(a,b+l,c + l,z) = 0. (2.11) 
It can be checked easily by using series. 
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2.2 Fractional calculus over the real line 

For more information on fractional calculus in the context of fractional Brownian motion, see 
[7] or [JJ. See [TDJ for general information on fractional calculus. 

Definition 2.1. Let a > 0. The (right-sided) Riemann-Liouville fractional integral operator 
of order a is defined by 

1 f°° 

(l°f){s) := — - / /(«)(« -s) - 1 ^, seR. 

r(a) J s 

Let a G (0,1). The (right-sided) Riemann-Liouville fractional derivative operator of order a 
is defined by 

—d 1 — rt f°° 

(«/)(•> == ^ (*-/)<•> = jf /(-)(« - •>-*. • ^ «■ 

The (right-sided) Marchaud fractional derivative operator of order a is defined by 

(D!/) (a) := hm (D!j) (s), a.e. s G M, 

e\0 

where 



(D-,e/)W := rxi^)i° ^ (s) - /(u + s) > 



Moreover, 

P / := D / := /. 

We set 

If a € (0,1), p G [1, i) and / G L^K), then 72 f is well-defined (see [ID], p. 94). Clearly, 
Xi/ exists for / G L 1 (M). We have the composition formula 

rf/ = / G L l (R), itf G ^(R), a,/3 G (0,1]. 

Furthermore, 

V^Jltf = T^~ a f, f G L^R), itf G L 1 (M), < a < f3 < 1. (2.12) 

If / is piecewise differentiable with supp(/') C (— oo,y) for some y G R and so that P"/ 
exists, then D° / = 2??/. 

Let i G R \ {0} and set l[ 0)t ) := -l[t,o) for * < 0. For all H G (0, 1), we have that 

(z5~*l [0)t) ) (s) = r n (ft ~ *) H ~*l(-oo,t)(*) - (-*) H ~*l(-oo,o)(«)) ■ 
So for K = I}, (jl.2p can be written as 

£?f = C(if) / f2f"^l[ ,t))(*)<fl^, a.s., teR. (2.13) 



2.3 Fractional Wiener integrals over the real line 

We combine (I2.13P with the standard Wiener integral in order to obtain a meaning for the 
expression J K f{s)dB^f for suitable deterministic integrands /. For details on this topic, see 
For H > |, the space of integrands is given by 



A(H):= < f € L 



i 



XL 2 f ) {sfds < oo }. 



For H < 2, we have that 



A(H) := {/ : M -> R 3 0/ G L 2 (M) such that f = 11 

For / E A(H), the fiime domain) fractional Wiener integral with respect to -B^ is defined 
by 

:= / /WdBf := C(£T) / (x5~M (*)<*WV 

3 The connection between the integral transforms 

Consider transform has stationary increments, so for every s > 0, the process 

flf ' s := C(if, ff) j\t - u) H - K F (^±\ dB^s, t G [0, oo), 

where 

F(z) := F(l-K-H,H-K,l + H-K,z), (3.1) 
is an H-iBm. The increments of B H,S are stationary, hence the time-shifted process 

zf' s := - B?>°, t€[-8,co), 

is an H-fBm. By substituting i> := u — s, we obtain that 

Zf- - C(K, H) (fj- v) »-«pfa) d B? -fj-*y-*t fa) 

As s — > oo, we formally obtain that 

Zf := Zf>°° := C(JSr,H) / ((t-<- K l ( -oo,t)(«)-(-^ M l(-oo,0)W)^f 

for t 6 E. Note that by definition, the processes B H > S , Z H ' S and Z H depend on if. We can 
state and prove the following: 

Theorem 3.1. For every K > | and t £ 1, there exist constants C\ = C±(K, H, t) and 
si = si(t) > 0, such that 

E[Z^ s -Z t H ] 2 < C\s 2H - 2 , s> Sl . 

Moreover, for every K < \ and t G M., there exist constants Ci = Ci{K, H, t), C3 = 
Cs(K, H,t) and S2 = s^it) > with 

E[Z?> s -Z t H ] 2 < C 2 s 2H ~ 2 + C 3 s 2K ~ 2 , s>s 2 . 
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Proof. Clearly, we can assume that H ^ K and t ^ 0. Moreover, we assume that t > 0. The 
result is derived similarly for t < 0. Recall that F is defined in (|3.ip . and denote 



l(- s ,0)(«), 



A//( W ) := ((t-v) M - (-v) H - K )l { ^ s) (v\ 



Ag?(v) := (/ r)" h 'F' r ^ - < -'^ 



l(- s ,t)(^) " 



F 



ff-ifi /"„,\ I „.\H-K 



Aht(v) := (t-t,)"-*l ( _, it) (i,) - (-^-"l^W 
and AA£(w) := fc t s (u) - feg(t;) := 

"I! - t 



V + s 



HuoM - (-«) 



F 



r 



f + s 



l)l(- s ,o)W- 



For continuous G, set *G := max 26 [_ li0 ] |G(z)| and G* := max 2g [ 01 ] \G(z) 
For K = A, we have by independence of increments of F^ = W, that 



c(f) 



E\zf*-zf* 



Af t s (v) 2 dv + I Ak s t {vfdv. 



(3.2) 



Note that 



vt=l 



i=l 



So for F ^ ^, we obtain by using (|3.3p with n = 2, that 

• f [zf > s - zf ] 2 < f [ jT A//(«)daf ] 2 + F [jf 



2C(K,H) 



-\ 2 



Ak s t (v)dBl 



K 



C(K) 2 [ I [X K ^AfA(v) 2 dv + I (l K ^Ak?)(v) 2 dv 



1. For all K € (0, 1), we show that there exists a constant c\(K, H,t), such that 



J (x^ *AfA(v) 2 dv < Cl (K,H,t)s 2H - 2 



, s > t. 



For all F 6 (0, 1), we have that 



1- 2 A/ t s Uv 



— s — f 
t - V 



where 



G,( : ) : : A ' "F ( K - H, K - ~, K + ~ z 



(3.3) 



(3.4) 



(3.5) 



G o( — - ) )l(-oo-s)W> 



For F = A, this is trivial. For F > A, this follows from (j2.9f) . For F < A, it follows from the 



fact that j^X_ 2 Af£ 1 («) = ^ f T_ 2 Afi 1 («) by using ([23]), flZEJ and (l2~Tll . By using 
(|2.6fl . we have that 

^(z) = (F-F)z^- 1 F(F-F + l,F-I,F + i,,) 

= : (F - H)z K - H - 1 G 1 {z). (3.6) 
By the mean value theorem, there exists 6 V>S £ ( , — r^) C (0, 1), such that 
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(z?-*A#)(«)' = (^)V--) 2H - 1 (^) 2 «f- H - 1) G?(Ml(-oo,-,)W < 
(Ffferj)) 2 ^ 2 ^ 111 ^ C 1 ' (^) 2{M) ) - • !(_„,_.)(«). 

Hence, from ([2~TUD and ([23]), we obtain that / R (z5~^A/^ (w) 2 (fo < 
F ^| y )Vi 2 max(l,(^)^)). 

lim^-oo ±(~X - s fK s 2{H-K-l) ^y2K p ^ R _ ^ ^ m + ^ 2±*) = 

V ^F(2# - 1, 2K, 2K + 1, 1) max (l, (4ts)a<*-*)) 
By using (|2,7|) . we obtain (|3.5|) with 

C ^ H ^ ~ [nF^Y)) T(2K-2H + 2) l - 
2. Fix d > 0. For IT > ^, we show that there exists a constant C2(K, H,t,d), such that 

J Akf) {v) 2 dv < c 2 (K,H,t,d)s 2H - 2 , s>2t + 4d + l. (3.7) 

For K < i, we show that there exist constants c 3 (K, H, t, d) and C4(K, H, t, d) with 

J (l K ~^Ak^(v) 2 dv<c 3 (K,H,t,d)s 2H - 2 + c 4 (K,H,t,d)s 2K - 2 , s>2t + U+l. (3.8) 

Let s > 2d. We have that 

Ak?(v) = kt(v)l hdA (v) - k s (v)l hm (v) + Ak s t (v)l { ^_ d) (v) 
+ Ap|(«)l ( _ a)¥) (t;) - A/^l^^). 

First, let if = \. Note that (-s, ^) n [=f, -d) n = 0. By using ([33]) with n = 2, we 

have that 



Akf(v) 2 dv < I kf(v) 2 dv + /° ^(t>) 2 (fo + / Akf(v) 2 dv 
-d J-d J =f 



+ / Ag s t (v) z dv + / AhUvfdv. (3.9) 



Second, let K > \. Then V(K-\) ( 2T 2 Afc| 1 (u) 
fl d kt(u)(u - v) K -'idu ■ l { -oo,-d)(v) + f* kf(u)(u - v) K ~idu ■ l[- d , t )(v) 
~ I° d K(u)(u ~ v) K -Uu ■ l^^iv) - f° k s {u){u-v) K -ldu- l[- dfl) (v) 
+ f^Akf(u)(u - v) K ~ldn ■ l h00; ^(v) + f v - d Akf(u)(u - v) K -'Uu ■ \^^{v) 
+ fS A^(«)(u - v) K -Uu ■ lc-oo,-.)^) + S? &9 s t(u)(u - v) K ~Uu • l[_ a>¥) («) 
- f_f A/if (u)(u - • l^^iv) - Ahf(u)(u - v) K ~Uu ■ 1 { _ S ^ (v) 

=: Ax{v) + Bi(u) + A 2 (v) + B 2 («) + A 3 (v) + S 3 («) + A 4 (u) + B 4 {v) + A 5 (v) + B s (v) 



Hence, by using (|3.3[) with n = 5, we obtain that 



[ (l K 'AlA {vfdv < V f Ai{v) 2 dv + V / Bi{v) 2 dv. (3.10) 

Third, let if < ^. Let x < v < y and / be differentiable with /' E L 1 [x,y]. From (|2.12|) . it 
follows that (l^hlfl^ (v) = \T>r R : ZlX»I/l (X)2/) ^ 0) = 



Since lim w A;| (v) = lim„/'o &o( w ) = ^> we obtain that 



r (if - |) (d! Afcf J (u) =T{K-\) I VI fcf i W 
r (if - |) (pF'Vm.o)) (f) + r (K ~ \) (vl^Akll^^ (v) + 



r (if - i) (pf Arf )(v) -r(K- i) (p* ^|i ( _ Si¥) j («) = 
jl d - <"§du • l^oo,^)^) + r (if - i) (if ^^fcflc-^)) M • i M)t) M 

- /"^(^(ti-^-idti-l^oo^Ct;) - r(if-I)(lf + ^A ;o s l Mi o)")( U )-l M) o ) («) 
+ f^AkKuXu-v^ldu-l^^iv) + 

r(*-*) (if^Afcfi^^) W-i [¥ ,_ d) W 

+ J_f A 5 f (u)(u - t;)*-icfa • l^,^) + 

r [k - 1) (if + ^A 5 fi ( _ Si - 2) ) («) • i[_ s , ¥) W 

- /_f A^(«)( u - w )*-§dua ( _ Mi _ fl) (i;) - 

=: Ai(u)+Ci^)+A 2 (v)+<7 2 (u)+^ 3 ^)+C'3(^ 
Hence, (|3.3p with n = 6 yields 



/ fif ^AfcA (vfdv < v / ^(w) 2 ^ + v / aw 2 * 

V / ^ Jr 

+ / D(v) 2 dv + / E(v) 2 dv. (3.11) 

Next we estimate the integrals on the right-hand sides of (|3.9p . (|3.10p and (|3.1ip . In what 
follows, B denotes the beta function. 

1. Estimation of f^ d kf(v) 2 dv, f R Ai(v) 2 dv, f R Bi(v) 2 dv and f R C±(v ) 2 dv. 

Let u € (— d, t). By the mean value theorem, there exists # SjU E (^xf,0) C (-EjrfjO), such 
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that 



|*?(u)| = (t-u)*-*(^) f(0 SjU ) ^(i-^^-^ma,^ 

^ — d+s 



,o) 



dF{z) 
dz 



We assume that s > 2d + t. Then, it follows from (12. 5p . that 



\k?(u)\ < ( t -u) H - K+1 (s-d) 



_ 1 \1-K-H\\H-K\*G 2 
\1 + H-K\ ' 



where 



G 2 (z) := F(2- K - H,H - K + 1,2 + H - K,z). 



For K = |, we obtain that J t _ d kl{u) 2 du < 
Denote 



*G 2 2 (t+d) 



2H+2 



G 3 (z) := F ( - - K,H - K + 2,H - K + 3,z 



For K ^ |, we obtain by using (|2.8|) . that J* R ^.(v) 2 ^ < ^^^z^n^g] g 2 - 
Also, lor A > we have that J^&i(v ) av < (l+ff-jY) 2 — 



Furthermore, it holds that 



dz \°s,u, 



+ (t-u 



,H-K 



dF 

dz 



( — ) 

\u+sJ 



s+t 



< 



\l-K-H\\H-K\*G 2 \ ( \K-H 



\1+H-K\ 



s—d 



+ 



s+t 



(t-u) 



H-K 



Hence, for K < tj, we obtain by using (|3.3p with n = 2, that 



LCi(v) 2 dv <- 



6&-*GIb(H-K+1,K+±] 



-(t + d) 



2H+2 a -2 



(l+H-K)'(K-$y 

2. Estimation of j°_ d kl(v) 2 dv, f R A 2 (v) 2 dv, J R B 2 (v) 2 dv and J R C 2 (v) 2 dv. 
We obtain estimates by replacing t by in the results of 1. 

3. Estimation of J^f Akf(v) 2 dv, J R A 3 (v) 2 dv, J R B 3 (v) 2 dv, J R C 3 (v) 2 dv, J R D(v) 2 dv and 

J R E(v) 2 dv. 
Denote 

Gi(z) := z H - K (P(-z) - l). 



For u e (^, -d), we have that Ak?(u) = (u + s) H ~ K (g 4 (^) - G 4 (^ 



From (122]) and it follows that ^t(z) = (H - K)z 



V H-K-1 



((1 + 



\H+K-1 



Hence, by the mean value theorem, there exist 9 StU € (^^,^r^) C ^0, ^t^-j and ?7 SiM € 
(0, s ,u), such that 



1)- 



Afef(«) = (u + s) 



H—K 



t 



U + S 



yH-K)ef- K -\{i + e s , u ) H ^-i) 



(u + s 



M-K 



t 



U + S 



(H - K)6f- K ~\H + K- 1)9 S)U (1 + r, S)U 



M+K-2 



Thus, 



\Ak s t (u)\ < \H — K\\H + K — l\(u + s 



H-K-l 



-U 



U + S 



H-K-l 



t — U 
U + S 



(3.12) 
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In particular, we have that 



\Akf(u)\ < \H-K\\H + K-1\ 



s\-i t + d 



t- 



d 



(-u) 



H-K 



(3.13) 



So, for K= i, we obtain that jjAk s t (u) 2 du < ^(^V^ 2 
Also, from (13. 12[) . it follows for u € {-f, — a), that 



\Aki(u)\ < iH-KWH + K-llt^i-u 

2 



H-K-l 



(3.14) 



Denote 



G 5 (z) := F[--K,H-K,H-K + l,z). 



Let K ^ ±. For H > K and s > max(2t,4d), we obtain by using ()3.14p and ([2^8]) . that 



K idu) dv 



< t 



: r * 2 (j-<*) 2g - 2 

°5 2-2K 



< 32Gg 2 . 2 2 g-2 



Similarly, for H < K, we have by using f|3. 13j) and (|2.8p . that 



(t±d)2 8 2H-2 } where 



Let 



G 6 (z) := + + 2,3). 



G 7 (z) := F(2(K-#+l), 1,2^ + 1, 2). 



For K > | and s > 2t, we have by using (|3. 14[) and then (|2.9p twice, that 
where Gi is defined as in (|3.6|) . 



Let if < |. It holds that 



rf 2 G 4 



[H-K- 1){H - K)z H - K - 2 ((1 + z)^'- 1 - 1) 



H-K-2 

H-K-lft i ^H+K-2 



+ (H - K)(H + K - l)z u - A - l (l + z 
For u E (^, -d), there exists SiU G ^) C (o, ^t 5 -) , such that 



-d 
du 



Akl(u)\ < \H-K\(u + s 



.H-K-l 



(u + s) 



H-K-2 



+ 



< 



(H-K) 2 \H + K-lp^(^)' 1 t(-u) H - K - 1 + \H-K\\H + K-V^t~ 



H-K-l 



+ 



\H — K — 1\\H — K\\H + K — lp$.st{$- x (-u) H - K - 2 + 
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\H — K\\H + K — lls^- 1 (§) - H - K t{-u) H - K -\ 



Let 



G 8 (z) := Wl + + i #+|,*V 

G 9 (z) := F(2(K + l-H),l,2K + 3,z), 
G 10 (z) := F^ + i^-^i^ + i K + 



and 

G n {z) := F(2(K + 2-5), 1,2^ + 3, z). 
First, for i G {0,i}, we have by using (|2.9p twice, that 

r4(j;\i-ur-i<-\u- V ) K -Uu) 2 dv < (^) 2 d?M§r- 

Second, in the same way, we obtain that 

^(rc-)'-*^—)*-**)'* s OSi) 2 ^) 2 " 2 

By using (|3.3p with n = 4, we obtain for s > 2i, that 
kC 3 (vfdv < 7 ^f^) 2 t 2 (f)- 2 f^x) 2 ^(f)^ + 

, 2 



(*-*r v f ; v2/ 



4 wVfiif«r 2 G « 2 .. G * ( s \ 2H 4. 

- - I) 2 (^)% 2 t 2 (§)- 2 (fi) 2 ^(1 ) 2 "" 2 + 



4 ,2(H+K~l) + 2( s\- 2K ~ 2H ( g| \ 2 / 8 x2H (68G| 2 G* +5120^0^) 2 2g _ 2 

By using ^W), we have that \Akf(-d)\ < \H - K\\H + K - 1|(| y 1 t t -^d H ~ K . 
Hence, / R D{vfdv < ^^(^s 2 ^ 2 . 

From (BHD, it follows that I AA;| (^) I < \H - K\\H + K - l|i^(§ ) H - K ~ l . 

2 

Hence for s > 2t, it holds that f R E(v) 2 dv < 8 _i 2 £ 2 s 2H ~ 2 . 



— s 

4. Estimation of /_4 Agf(v) 2 dv, j R Ai{v) 2 dv, J R B^(v) 2 dv and J R Gi(v) 2 dv. 
By using (|2,3|) . we have that 



G 12 (z) := z H ' K F(2H,H - K,H - K + l,z) 

-y 



z - 1 



From ([ZBjl and it follows that 

^(z) = (H-K)z H ~ K -\l . 
Let u £ (-s, There exists 9 S>U € (^, ) C (|, l), such that 



-2i? 
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In particular, \Ag!(u)\ < ^^^h-k-i^ + s) i-k-h _ 

— s 

Hence, for K = \ and s > t, we have that f_ 2 s Agf(u) 2 du < j^jjt 2 s 2E r ~ 2 . 
Denote 

G 13 (z) := f(~-K,1,3-K-H,z^ . 
For K ^ \ and s > t, ^M) yields that f R A 4 (v) 2 dv < {1 _k)(2-K-hY s2H ~ 2 - 



Similarly, for K > ^ and s > t, we obtain that f R B 4 (v) 2 dv < j^—^y-^t 2 s 2H 2 , where 

G? u (z) := F(V + if-l,l,K + i,^ . 



Furthermore, we have that 

12 ^ = (H-K)((H-K- l)z H - K - 2 (l - z)- 2H + 2Hz H - K -\l - z)- 2// - ' ' 



d 2 G 

d 2 z 



So for u € ( — s, -r^), it holds that 

&Atf(u)|< |F-K|(u + S )^- 1 |G 12 (^) - G 12 (^)| + 

fi/ J- „\H-K I rfGi2 / f-tt w -1 t _ rfGi2 /-u\ -1 I 

(g-y)»t(^)g-^ r |g-*:||H-jr-i|t(|)g-*-V u-H-g ■ 

s ( s+t )l-2H ( s+t ) s l-2H — 

(g-g) 2 ^)"-^- 1 Iff-A^Ht^)"-*- 1 |H-A-|t(^) g - A '-^ ^ , ^-ff-^T 

|£T-A-||H-Jif-l[t(i) s -«'- a , , , „ U _^_jf 



s(s+t) 

Denote 



t^tw~ (n + s) 1 



<V !.-.(:) : I [K + H,l,K+^,z 



and 

Gi 6 (z) := f(k + H-1,1,K + ^,z 
Then, for if < \ and s > i, we obtain by using (|2.8f) and (|3.3p with n = 3, that 

r cj V ) 2 dv < ( ky ^kv + 2t{i)H ^ + <^ K ~: y a$ (*)-"" i 

1 \V l^-lKI) g ;"' 2 V G*fi (f) 4 ' 2 " < (63Gig + 4 G jg) 2 2g _ 2 

v ^+') 2 "" y (^T|7 2X+2 

— s 

5. Estimation of J_ 2 Ahf(v) 2 dv, J R A 5 (v) 2 dv, f R B 5 (v) 2 dv and J-^C^vfdv. 
For u G (-a, ^), we have that |A/if(u)| < \H - K\t{%) H - K - 1 . 
For if = i it follows that /jf Ah s t (u) 2 du < t 2 s 2H ' 2 . 
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Let 

Gvt{z) := F\l-K,l,2,zj . 

For K ^ |, we obtain by using fl23J), that / R A 5 (v) 2 dv < ^&t 2 s 2H ~ 2 . 

Moreover, for K > i, we have that L B 5 (v) 2 dv < , 2t2 - ^ s 2H ~ 2 . 

2 JR y ' ~ k{k~\) 

For ue (-s,^), we have that |^Aft|(«)| < |# - - if - l\t(^) H ~ K ~ 2 . 

For if < |, it follows that J R C 5 (u) 2 ci<t; < 8F ^ "jl tV H ~ 2 



By combining (|3.9[) and (|3.10p . respectively, with these estimates, we obtain ()3,7p where 
and 



C 2 (K,H,t,d) = \ (t + d) 2H + 2 + 



ioG^(t+d) 2 \ | 10C , 2 , wall 



5 '(ff-K+l)2d2 i _r - LUlJ 17 _r (2-K-H)2 



(l-K)r(K-±f 1 ky(k 



10Gf 4 +40GfG*j+10 | t 2 K > l 



2; 



In the same way, by combing (|3.1ip with the estimates, we obtain (|3.8p with 
c 3 (K,H,t,d) = ( , jr GlGf + 8W ^ r(H - K+l L )(t + d) 2H + 2 ^ 



r(K-±) (l+H-K) 2 (l-K) (l+H-K) 2 V(H-i 



t 2 + / 8 n . * 2 + 



408Gg 2 +3072G^g +378G|g +24G? 2 +48 \ , 2 



and 



12rf2(H-X-l)( t + d) 



2 



C4 (K,H,t,d) = — ' ^ t 2 . 



b(/v +i) 2 if 



Eventually, by combining ()3.2p and (|3.4j) with the results in 1. and 2., we obtain the following: 



For K = i, we have that 



' / 1 x \ 2 

r(# + i 



s > 2t + 4d + 1. 

For IT > |, we have that 

T(H-K + l) 2 , „ s „ ]2 



2H-2 



, r(//) , £[zf- s -zf]^ < (d(^ff,*) + P2(iir,fr,t,d)) a . 

s > 2t + 4d + 1. 

For if < |, it holds that 

n \~ C ^2 l? ■ E i Z ?' S ~ Z ?] 2 < (a(K,H,t) + c 3 (K,H,t,d))s 2 «- 2 + 

c A (K,H,t,d)s 2K ~ 2 , s>2t + 4d+l. 
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□ 

The (generalized) Mandelbrot- Van Ness representation is a direct consequence of Theorem 
13.11 and hence of the (generalized) Molchan-Golosov representation: 

Corollary 3.2. For every K S (0, 1), the process (Z^) tgR is an H-fBm. 

Proof. For t E R, it follows from Theorem l3.il that lim^oo E[Z^' S — Z^ 2 = 0. Hence, for all 
t,t' € M, we have that E[Z t H ■ Zf\ = lim^ E [Zf ' s ■ zf s \ = \ (\t\ 2U + \t'\ 2H - \t - t'\ 2H ). 

□ 
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